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ABSTRACT
By imposing conditions upon the index of a self-centralizing subgroup of a
group, and upon the index of the center of the group, we are able to clas-
sify the Chermak-Delgado lattice of the group. This is our main result. We
use this result to classify the Chermak-Delgado lattices of dicyclic groups
and of metabelian p-groups of maximal class.
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1. Introduction

Throughout this article, G will denote a finite group. Denote by

mG Hð Þ ¼ jHjjCG Hð Þj
the Chermak–Delgado measure of a subgroup H of G and let

m� Gð Þ ¼ max mG Hð ÞjH � G
� �

and CD Gð Þ ¼ H � G jmG Hð Þ ¼ m� Gð Þ� �
:

The set CDðGÞ forms a modular, self-dual sublattice of the lattice of subgroups of G, which is
called the Chermak–Delgado lattice of G. It was first introduced by Chermak and Delgado [5],
and revisited by Isaacs [7]. In the last years there has been a growing interest in understanding
this lattice (see e.g. [1–4, 6, 8–10, 13–15, 18]). Recall two important properties of the
Chermak–Delgado lattice that will be used in our article:

� if H 2 CDðGÞ; then CGðHÞ 2 CDðGÞ and CGðCGðHÞÞ ¼ H;
� the minimum subgroup M(G) of CDðGÞ (called the Chermak–Delgado subgroup of G) is char-

acteristic, abelian, and contains Z(G).

For a positive integer n � 1; the dicyclic group of order 4n, usually denoted by Dic4n; is
defined as

Dic4n ¼ ha; x j a2n ¼ 1; x2 ¼ an; ax ¼ a�1i:

CONTACT Marius T�arn�auceanu tarnauc@uaic.ro Faculty of Mathematics, “Al.I. Cuza” University, Iaşi, Romania.
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This has the following generalization: given an arbitrary abelian group A of order 2n, the general-
ized dicyclic group induced by A is defined as

Dic4n Að Þ ¼ hA; x j x4 ¼ 1; x2 2 A n 1f g; ax ¼ a�1; 8 a 2 Ai:
Obviously, we have Dic4nðZ2nÞ ¼ Dic4n: It is also easy to see that if exp ðAÞ ¼ 2; that is that A is
an elementary abelian 2-group, then Dic4nðAÞ is abelian and consequently CDðDic4nðAÞÞ ¼
fDic4nðAÞg: Note that if exp ðAÞ 6¼ 2; then

Z Dic4n Að Þð Þ ¼ a 2 A j a2 ¼ 1
� �

ffi A
A2

;

where A2 ¼ fa2 j a 2 Ag:
A finite group G is said to be metabelian if the derived subgroup, G0; is abelian. Equivalently, a

finite group G is metabelian if there exists an abelian normal subgroup A of G so that G/A is abelian.
A finite p-group G of order pn is said to be of maximal class if the nilpotence class of G is n – 1.

The following results on p-groups will be useful to us. Lemma 1.1 appears in (4.26), [12], II, Lemma
1.2 appears in Theorem 2.4 of [16] (see also (12), [11], p. 392), and Lemma 1.3 at end of [14].

Lemma 1.1. Any group of order p4 contains an abelian subgroup of order p3.

Lemma 1.2. Suppose G is a p-group of order pn and G is of maximal class. Then
jZðGÞj ¼ p; jG : G0j ¼ p2, and for each 2 � i � n, we have that Gi is the unique normal subgroup
of G order pn�i, where Gi is the ith term in the lower central series for G.

Lemma 1.3. Let G be a p-group of maximal class and of order p5. If m�ðGÞ ¼ p6, then
CDðGÞ ¼ fG;T;G0;A1; :::;Ap;ZðTÞ;ZðGÞg, where jTj ¼ p4; jG0j ¼ jAij ¼ p3 for each i, jZðTÞj ¼ p2,
and G0;A1; :::;Ap are all abelian and distinct. Also, none of A1; :::;Ap are normal in G.

2. Main results

In this section we present a result which generalizes Proposition 7 in [10]. It will be used both in
Sections 3 and 4. A subgroup A of G is said to be self-centralizing if CGðAÞ ¼ A: An important
observation used here is that if T 2 CDðGÞ; then since ZðGÞ � T; we have that jG : Tj divides
jG : ZðGÞj: So by imposing conditions on jG : ZðGÞj; we are able to obtain results about CDðGÞ:
Theorem 2.1. Let G be a finite group, let p be a prime, and among the self-centralizing subgroups
of G, let A be one of maximum order.

1. If G is abelian, then CDðGÞ ¼ fGg:
2. If jG : ZðGÞj ¼ p2, then CDðGÞ ¼ fZðGÞ;A;A1; :::;Ap;Gg is a quasi-antichain of width p þ 1,

with each Ai abelian.
3. If jG : Aj ¼ p and jG : ZðGÞj ¼ pi with i > 2, then CDðGÞ ¼ fAg:

If p is the smallest prime divisor of jGj and jG : Aj ¼ p and jG : ZðGÞj> p2, then CDðGÞ ¼ fAg:
4. Suppose jG : Aj ¼ p2:

a. If jG : ZðGÞj ¼ p3, then CDðGÞ ¼ fZðGÞ;Gg:
If p is the smallest prime divisor of jGj and p2 < jG : ZðGÞj< p4, then CDðGÞ ¼ fZðGÞ;Gg:

b. If jG : ZðGÞj ¼ p4, then

CD Gð Þ ¼ Z Gð Þ;Z T1ð Þ; :::;Z Tnð Þ;A;A1; :::;Am;T1; :::;Tn;G
� �

where T1; :::;Tn (n � 0) are all of the subgroups of index p in G with centers that have
index p3 in G, and A1; :::;Am (m � 0) are all of the subgroups (other than A) of index p2

in G with centralizers that have index p2 in G. Furthermore, if n � 1, then m � p:
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c. If jG : ZðGÞj ¼ pi with i > 4 and if G possesses a subgroup, T, of index p in G with center
that has index p3 in G, then CDðGÞ ¼ fZðTÞ;A;A1; :::;Ap;Tg is a quasi-antichain of
width pþ 1, with each Ai abelian.
If p is the smallest prime divisor of jGj and if jG : ZðGÞj> p4 and if G possesses a sub-
group, T, of index p in G with center that has index p3 in G, then CDðGÞ ¼
fZðTÞ;A;A1; :::;Ap;Tg is a quasi-antichain of width pþ 1, with each Ai abelian.

d. If jG : ZðGÞj ¼ pi with i > 4 and if G does not possess a subgroup, T, of index p in G
with center that has index p3 in G, then CDðGÞ ¼ fAg:
If p is the smallest prime divisor of jGj and if jG : ZðGÞj> p4 and if G does not possess a
subgroup, T, of index p in G with center that has index p3 in G, then CDðGÞ ¼ fAg:

Proof. Item 1 is clear.
To see item 2, note first that jG : GjjG : ZðGÞj ¼ jG : ZðGÞj ¼ p2 � jG : TjjG : CGðTÞj for any

subgroup T of G with ZðGÞ � T; and so G;ZðGÞ 2 CDðGÞ: Note that G=ZðGÞ ffi Cp � Cp; and so
there are exactly pþ 1 subgroups H with ZðGÞ<H<G: For any such H, we have that H ¼
hZðGÞ; xi for some x 2 H n ZðGÞ; and thus H is abelian. It follows that CDðGÞ ¼
fZðGÞ;A;A1; :::;Ap;Gg is a quasi-antichain of width pþ 1, with each Ai abelian.

We prove both parts of item 3 simultaneously. Note that jG : GjjG : ZðGÞj ¼ jG : ZðGÞj> p2 ¼
jG : AjjG : Aj; and so G;ZðGÞ 62 CDðGÞ: Note that jG : AjjG : Aj ¼ p2 � jG : TjjG : CGðTÞj for
any subgroup T of G with ZðGÞ � T; and so A 2 CDðGÞ: Now A is a maximal subgroup of G
and G 62 CDðGÞ; and so A is the largest member of CDðGÞ: But A is self-centralizing and there-
fore A is also the least member of CDðGÞ: Hence CDðGÞ ¼ fAg:

We prove both parts of item 4.a simultaneously. Note that jG : AjjG : Aj ¼ p4 > jG : ZðGÞj ¼
jG : GjjG : ZðGÞj; and so A 62 CDðGÞ: Since among the self-centralizing subgroups of G, A is one
of maximum order, it follows that CDðGÞ does not contain any self-centralizing subgroups.
Among the abelian subgroups of CDðGÞ; let T be a maximal one. If T 6¼ ZðGÞ; then we have that
T<CGðTÞ<G; and furthermore we have that jCGðTÞ : Tj cannot be a prime. This is true because
if jCGðTÞ : Tj is a prime, then CGðTÞ=T is cyclic, and hence CGðTÞ is abelian, and so T would
not be maximal among the abelian subgroups in CDðGÞ: It follows that jG : TjjG : CGðTÞj �
p4 > jG : GjjG : ZðGÞj; a contradiction. Hence T ¼ ZðGÞ is the only abelian subgroup in CDðGÞ:
If H 2 CDðGÞ is a subgroup of index p in G with CGðHÞ a subgroup of index p2 in G, then
jCGðHÞ : ZðGÞj< p2; and hence is prime. But then CGðHÞ is abelian, a contradiction. It follows
that CDðGÞ ¼ fZðGÞ;Gg:

To see item 4.b, note that p4 ¼ jG : GjjG : ZðGÞj ¼ jG : AjjG : Aj: Since among the self-central-
izing subgroups of G, A is one of maximum order, we have that any other self-centralizing sub-
group A0 of CDðGÞ will have that p4 ¼ jG : A0jjG : A0j: If T is an abelian subgroup of CDðGÞ with
T<CGðTÞ<G and CGðTÞ nonabelian, then as we saw in the proof of item 4.a, we have that jG :
TjjG : CGðTÞj � p4: It follows then that G;ZðGÞ;A 2 CDðGÞ: And hence

Z Gð Þ;Z T1ð Þ; :::;Z Tnð Þ;A;A1; :::;Am;T1; :::;Tn;G
� � 	 CD Gð Þ

where T1; :::;Tn (n � 0) are all of the subgroups of index p in G with centers that have index p3

in G, and A1; :::;Am (m � 0) are all of the subgroups (other than A) of index p2 in G with cen-
tralizers that have index p2 in G.

We also have that

CD Gð Þ 	 Z Gð Þ;Z T1ð Þ; :::;Z Tnð Þ;A;A1; :::;Am;T1; :::;Tn;G
� �

:

This is true because, otherwise, if some H 2 CDðGÞ has that jG : Hj ¼ p and jG : CGðHÞj ¼ p3;
but ZðHÞ<CGðHÞ; then since ZðHÞ ¼ H \ CGðHÞ 2 CDðGÞ; it would follow that ZðHÞ ¼ ZðGÞ
and thus H¼G, a contradiction.

If n � 1; then for some T 2 fT1; :::;Tng; we have that ZðTÞ<A<T in CDðGÞ: This is true
because, otherwise, we would have ZðGÞ<A<G and ZðGÞ<ZðTÞ<T<G as maximal chains in
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CDðGÞ; contradicting the modularity of CDðGÞ: We can apply item 2 in Theorem 2.1 to the
group T, to conclude that there are p additional self-centralizing groups in CDðTÞ; and since all
of these are self-centralizing, they are also all in CDðGÞ:

We prove both parts of item 4.c simultaneously. Note that jG : GjjG : ZðGÞj> p4 ¼ jG : AjjG :
Aj; and so G;ZðGÞ 62 CDðGÞ: As we saw before, if S is an abelian subgroup of CDðGÞ with
S<CGðSÞ<G and CGðSÞ nonabelian, then jG : SjjG : CGðSÞj � p4: It follows that A;T;ZðTÞ 2
CDðGÞ; and since T is maximal in G, we have that T is the largest member of CDðGÞ: And so
applying Theorem 2.1 item 2 to the group T, we obtain that CDðGÞ ¼ fZðTÞ;A;A1; :::;Ap;Tg is a
quasi-antichain of width pþ 1, with each Ai abelian.

We prove both parts of item 4.d simultaneously. As we saw in the proof of item 4.c, G;ZðGÞ 6
2 CDðGÞ and A 2 CDðGÞ: But since there is no subgroup of index p in CDðGÞ; we have that A is
the largest member of CDðGÞ; and since A is self-centralizing, A ¼ CGðAÞ is the least member of
CDðGÞ; and we conclude that CDðGÞ ¼ fAg: w

Items 3, 4.c, and 4.d in Theorem 2.1 have interesting consequences due to the uniqueness of
the largest member of the Chermak–Delgado lattice. We collect them below as a corollary.

Corollary 2.2. Let G be a finite group, let p be a prime, and among the self-centralizing subgroups
of G, let A be one of maximum order.

1. If jG : Aj ¼ p and jG : ZðGÞj ¼ pi with i > 2, then A is unique.
If p is the smallest prime divisor of jGj and jG : Aj ¼ p and jG : ZðGÞj> p2, then A is unique.

2. If jG : Aj ¼ p2 and jG : ZðGÞj ¼ pi with i > 4 and if G possesses a subgroup, T, of index p in
G with center that has index p3 in G, then T is unique.
If p is the smallest prime divisor of jGj and if jG : Aj ¼ p2 and jG : ZðGÞj> p4 and if G pos-
sesses a subgroup, T, of index p in G with center that has index p3 in G, then T is unique.

3. If jG : Aj ¼ p2 and jG : ZðGÞj ¼ pi with i > 4 and if G does not possess a subgroup, T, of
index p in G with center that has index p3 in G, then A is unique.
If p is the smallest prime divisor of jGj and if jG : Aj ¼ p2 and jG : ZðGÞj> p4 and if G does
not possess a subgroup, T, of index p in G with center that has index p3 in G, then A
is unique.

Examples for items 4.a and 4.b in Theorem 2.1 that are chains of length 1 and length 2 (and
so in the case of item 4.b, n¼ 0 and m¼ 0), can be found in [3], see Corollary 2.2, Proposition
2.3, Corollary 2.5, and Proposition 2.6 there.

An example for item 4.b in Theorem 2.1 with n¼ 1 and m¼ p will be given in Section 4.
Another example for item 4.b in Theorem 2.1 is found by taking G to be one of the two extra-

special p-groups of order p5. jZðGÞj ¼ p (i.e. jG : ZðGÞj ¼ p4) and G possesses a maximal self-cen-
tralizing elementary abelian subgroup of order p3 (i.e. of index p2 in G). The Chermak–Delgado
lattice of extraspecial p-groups is known, see Example 2.8 in [6]. And so we have that CDðGÞ is
isomorphic to the subgroup lattice of an elementary abelian p-group of order p4. Using the nota-
tion of item 4.b in Theorem 2.1, we have that n ¼ p3 þ p2 þ pþ 1
and m ¼ ðp2 þ 1Þðp2 þ pþ 1Þ�1:

Further examples of groups and CD lattices arising from Theorem 2.1 will be explored in the
next sections.

3. Dicyclic groups

As a consequence of items 2 and 3 in Theorem 2.1, we classify the Chermak–Delgado lattice of
Dic4nðAÞ; where A is an abelian group of order 2n.
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Note that CDðDic4nðAÞÞ ¼ fAg if and only if jDic4nðAÞ : ZðDic4nðAÞÞj> 4; which is equivalent
to jA2j> 2: If A is not an elementary abelian 2-group, this means that A is not a direct product
of an elementary abelian two-group and Z4:

Theorem 3.1. Let A be an abelian group of order 2n and Dic4nðAÞ be the generalized dicyclic group
induced by A. Then we have:

a. If A is not of type Z
m
2 � Z4 with m 2 N, then CDðDic4nðAÞÞ is a chain of length 0, namely

CDðDic4nðAÞÞ ¼ fDic4nðAÞg for exp ðAÞ ¼ 2, and CDðDic4nðAÞÞ ¼ fAg for exp ðAÞ 6¼ 2:
b. If A is of type Z

m
2 � Z4 with m 2 N, then CDðDic4nðAÞÞ is a quasi-antichain of width 3,

namely the lattice interval between ZðDic4nðAÞÞ and Dic4nðAÞ:
As a corollary, we describe the Chermak–Delgado lattice of Dic4n:

Corollary 3.2. Under the previous notation, we have:

a. If n 6¼ 2, then CDðDic4nÞ is a chain of length 0, namely CDðDic4nÞ ¼ fDic4ng for n¼ 1, and
CDðDic4nÞ ¼ fhaig for n � 3:

b. If n¼ 2, then CDðDic4nÞ is a quasi-antichain of width 3, namely the lattice interval between
ZðDic4nÞ and Dic4n:

The following appears in [10].

Theorem 3.3. Let G be a finite group which can be written as G¼AB, where A and B are abelian
subgroups of relatively prime orders and A is normal. Then

m Gð Þ ¼ jAj2jCB Að Þj2 and CD Gð Þ ¼ ACB Að Þ
� �

:

Corollary 3.4. Suppose A is a finite abelian group. There exists a non-abelian finite group G so
that CDðGÞ ¼ fAg if and only if A 6¼ 1;A 6ffiZ2;A 6ffiZ4, and A 6ffiZ2 � Z4:

Proof. ! Suppose CDðGÞ ¼ fAg and G is non-abelian. If A¼ 1, then G¼ 1 is abelian, a contra-
diction. Since A is self-centralizing and normal in G, we have that G/A embeds into Aut(A). If
A ffi Z2; then G/A embeds into Aut(A)¼1, which contradicts G being non-abelian. If A ffi Z4;

then G/A embeds into Aut(A) which has order 2, and so jGj ¼ 8 and CD(G) would not be a
chain of length zero by item 2 in Theorem 2.1. Suppose A ffi Z2 � Z4: Then G/A embeds into
Aut(A) which is a dihedral group of size 8. And so G is a two-group. Now, m�ðGÞ ¼ 64; and
since G 62 CDðGÞ and G has a nontrivial center, it follows that jGj ¼ 16 and jZðGÞj ¼ 2: Note,
however, that given x 2 AutðAÞ of order 2, x must fix at least four elements of A. This is due to
the structure of Aut(A) when A ffi Z2 � Z4: And so jZðGÞj> 2; a contradiction.
 If jAj is odd, then let G ¼ A3hxi where x inverts each element of A. Then by item 3 in

Theorem 2.1, CDðGÞ ¼ fAg: If jAj is even, and A is not of type Z
m
2 � Z4 with m � 0; and

exp ðAÞ 6¼ 2; then G ¼ Dic4nðAÞ has that CDðGÞ ¼ fAg by Theorem 3.1. If A ffi Z
m
2 with m � 2

or A ffi Z
m
2 � Z4 with m � 2; then there exists x 2 AutðAÞ of order 3. Let G ¼ A3hxi: One can

apply Theorem 3.3 to get that CDðGÞ ¼ fAg: w

Finally, we present a proposition also applicable to describing CDðDic4nÞ:
Proposition 3.5. Let G be a finite group. If G ¼ HZðGÞ for some subgroup H of G, then CDðGÞ
and CDðHÞ are lattice isomorphic with CDðGÞ ¼ fXZðGÞjX 2 CDðHÞg:

Proof. Since G ¼ HZðGÞ; we have that G=ZðGÞ ffi H=ðZðGÞ \ HÞ ¼ H=ZðHÞ since ZðHÞ � ZðGÞ:
This natural isomorphism between G=ZðGÞ and H=ZðHÞ induces a lattice isomorphism between
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the subgroup intervals ½G : ZðGÞ
 and ½H : ZðHÞ
; and this lattice isomorphism restricts to a lat-
tice isomorphism between CDðGÞ and CDðHÞ: The result follows. w

4. Metabelian p-groups of maximal class

By applying Lemmas 1.1, 1.2, 1.3 and Theorem 2.1, we obtain a classification of the
Chermak–Delgado lattices of a metabelian p-groups of maximal class.

Theorem 4.1. Suppose G is a metabelian p-group of order pn and of maximal class.

1. If n¼ 3, then CDðGÞ ¼ fZðGÞ;A;A1; :::;Ap;Gg is a quasi-antichain of width pþ 1, with each
Ai abelian.

2. If G possesses an abelian subgroup A so that jG : Aj ¼ p and n > 3, then CDðGÞ ¼ fAg:
3. Suppose that G does not possess an abelian subgroup A so that jG : Aj ¼ p. Then we have that

n > 4, and, furthermore:
a. If jGj ¼ p5, then CDðGÞ ¼ fZðGÞ;ZðTÞ;G0;A1; :::;Ap;T;Gg, where jTj ¼ p4; jG0j ¼ jAij ¼

p3 for each i, jZðTÞj ¼ p2, and G0;A1; :::;Ap are all abelian and distinct. Also, none of
A1; :::;Ap are normal in G.

b. If jGj> p5 and G possesses a subgroup T of index p so that jT : ZðTÞj ¼ p2, then
CDðGÞ ¼ fZðTÞ;G0;A1; :::;Ap;Tg, where jTj ¼ pn�1; jG0j ¼ jAij ¼ pn�2 for each i,
jZðTÞj ¼ pn�3, and G0;A1; :::;Ap are all abelian and distinct. Also, none of A1; :::;Ap are
normal in G.

c. If jGj> p5 and G does not possess a subgroup T of index p so that jT : ZðTÞj ¼ p2,
then CDðGÞ ¼ fG0g:

Proof. Items 1 and 2 follow directly from items 2 and 3 in Theorem 2.1. The fact that n > 4 in
item 3 follows from Lemma 1.1. Most of Theorem 4.1 part 3 is a straight forward application of
Lemma 1.2 and Theorem 2.1 taking A ¼ G0: In item 3.a, the fact that there is a unique subgroup,
T, of index p in G in CDðGÞ is a nontrivial result that follows from Lemma 1.3 which in turn
relies on Lemma 4.5.4 in [14]. In items 3.a and 3.b, the fact that none of A1; :::;Ap are normal in
G follows from Lemma 1.2. w

Using Theorem 4.1, we are able to give some necessary and sufficient conditions under which
the Chermak–Delgado lattice of a metabelian p-group of maximal class is a chain of length 0.

Corollary 4.2. Let G be a metabelian p-group of maximal class. Then CDðGÞ is a chain of length 0 if
and only if either G possesses an abelian subgroup of index p and jG : ZðGÞj 6¼ p2, or G does not pos-
sess abelian subgroups of index p, jGj> p5, and jM : ZðMÞj> p2 for any maximal subgroup M of G.

We provide now a few remarks. The two-groups of maximal class fall into 3 categories: the
dihedral groups, the semidihedral groups, and the generalized quaternion groups (see e.g.
Theorem 4.1 of [12], II), and each of these possess a cyclic subgroup of index 2. Thus, the CD
lattices of these groups fall under the umbrella of items 2 and 3 in Theorem 2.1.

Xue, Lv, and Chen provide sufficient conditions for when p-groups of maximal class have CD
lattices that fall under the umbrella of item 3 in Theorem 2.1 (see Theorem 2.9 of [17]):

Proposition 4.3. Let G be a finite p-group of order pn and of maximal class, where p � 5 and
n> 2p. If CGðHÞ ¼ ZðHÞ for every non-abelian subgroup H of G, then G possesses an abelian sub-
group of index p.

Note that the finite non-abelian groups satisfying the condition in Proposition 4.3 are called
CGZ-groups. Xue, Lv, and Chen show that if G is a p-group of maximal class and G is a CGZ-
group, then G is metabelian (see Proposition 2.6 of [17]).
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We end with examples of metabelian p-groups of maximal class for each of the three cases in
item 3 of Theorem 4.1. For the case a) such an example is presented in [17]:

G ¼ ha; b; c; djap2 ¼ bp ¼ cp ¼ dp ¼ 1; b; a½ 
 ¼ c; c; a½ 
 ¼ d; c; b½ 
 ¼ d; b½ 
 ¼ ap; d; a½ 
 ¼ 1i;
where p � 5:

For case (b), we present SmallGroupð36; 99Þ from GAP:

G ¼ ha; b; c; d; e; f ja3 ¼ e3 ¼ f 3 ¼ 1; b3 ¼ c2d; c3 ¼ e2f ; d3 ¼ f 2; b; a½ 
 ¼ c; c; a½ 
 ¼ d; d; a½ 
 ¼ e;

e; a½ 
 ¼ c; b½ 
 ¼ f ; f ; a½ 
 ¼ d; b½ 
 ¼ e; b½ 
 ¼ f ; b½ 
 ¼ d; c½ 
 ¼ e; c½ 
 ¼ f ; c½ 
 ¼ e; d½ 
 ¼ f ; d½ 
 ¼ f ; e½ 
 ¼ 1i:

For case (c), we present SmallGroupð56; 651Þ from GAP:

G ¼ ha; b; c; d; e; f ja5 ¼ c5 ¼ d5 ¼ e5 ¼ f 5 ¼ 1; b5 ¼ f 3; b; a½ 
 ¼ c; c; b½ 
 ¼ d; c; a½ 
 ¼ d; b½ 
 ¼ e;
d; a½ 
 ¼ e; b½ 
 ¼ f ; e; a½ 
 ¼ f ; a½ 
 ¼ f ; b½ 
 ¼ d; c½ 
 ¼ e; c½ 
 ¼ f ; c½ 
 ¼ e; d½ 
 ¼ f ; d½ 
 ¼ f ; e½ 
 ¼ 1i:
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